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Annotation: This article shows the construction of an optimal cubic formula for the
integration of functions defined on the unit sphere. By transferring the functions defined on the unit
sphere to the spherical coordinate system, multiple integrals are made, and optimal quadrature
formulas for each variable are constructed.
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Introduction. In this work, we consider the issue of constructing cubic formulas with optimal
quadrature formulas for integrating functions defined on the unit sphere. For this purpose, we
present the following definitions and formulas known in advance.

L,™ (0,1) — the space of Sobolev functions that are absolutely continuous up to a derivative of order
(m-1) and a generalized derivative of m-order are integrated with a square. In the space L,™(0,1),
the scalar product of the elements y and ¢ is defined as follows [1]

<o >= [y ()0 (X @

In this case, the norm corresponding to the scalar product (1) of the function ¢ e L™ (0,1) is
defined in this form

Il Mo ‘:,[ ((p(m)(x))zdx}z : (2)

Let R® be a Euclidean space, the scalar product of two vectors X=(X, X2, X3)" and y=(y, Y2, y3)' in
three-dimensional space is defined by the equality X-y=X;-y1+ Xz-y2+X3-y3, and the norm of the
element x in the space R? is as follows (see [2])

X[, = 3+

The spherical coordinate system is convenient to use in the mathematical solution of practical
problems related to the sphere. In this case, the transition from Cartesian to spherical coordinates is
carried out according to the formulas:

X=rsin@cosy, y=rsin@sing, z=rcosé,

wherer>0,0<¢p <2zand0<6<m.
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Fig 1. In a spherical coordinate system, @ is the zenith and ¢ azimuth angles, r is the distance from
the origin of coordinates to a given point.

The set of all elements ¢eR® for which the condition is satisfied is called the unit sphere and is
denoted by S? i.e.

={glgen” el =1,
where & =(&, &, &). All points of the unit sphere with spherical coordinates can be expressed as
&=£&(sinfcos g, sindsing, cosd), ©)
where 8 zenith and ¢ azimuth angles 0 < 0 < m and 0 < ¢ < 2x satisfy the above conditions,
respectively (Fig. 1)

We define the class of continuous functions defined on the sphere S? as C(S?) and the norm of a
function in this class of functions is given as follows

” f ||c(sz) - SUE) | f (5) .
ées

The space of square-integrable functions on the unit sphere S? is denoted by L,(S%). The norm of a
function f that belongs to the space L»(S?) defined on the sphere S? is defined as follows

Il (11 as(0) .

Here dS?(¢) (in the sense of Lebesgue) is an element of the sphere S, & =(&,, & &)eS% Ly(S) is a
Hilbert space in which the inner product between the elements f and g is introduced as (see, for
example, [2])

(1,0), )= [ 1(£)(£)0S(2)

SZ

With numerical integration of the function f e L,(S%) defined on the unit sphere, in the spherical
coordinate system, the calculation formula has the form
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[ £(£.£,4,)dS* = [ [ f(sinfcosg,sinGsing,cos0)| J [dode,
s? 00

where | J | = sind is the Jacobian of the transformation. If we denote the integrand on the right side
of the last equality by F(9, ¢), i.e.

f (sinéd cose, sind sing, cosH)=F(6, ¢),
we get the following:

2
0

When calculating the integral (4) approximately, given that the function F(6, ¢) is periodic in ¢, the
following cases can be considered respectively, depending on whether it is periodic or non-periodic
in 6.

1) Suppose that the function F(6, ¢) with the integral (4) is a periodic function for the variables
and ¢, here we can use the optimal quadrature formula for periodic functions with weight p(x) in the
variable 6 [1]

[ P(@()dx = S clpip)

Then we use the following generalized rectangle formula for the second variable ¢

[t(x)dx=Shf@+hg), 5)
a p=0

2r

f (sin@cosp,sinGsing,cosd)|J [dodep = [ [F(6,p)sinddode. (4)

O =

b-a
where h = N N — natural number [3].

2) If the function F(6, ¢) with the integral (4) is not periodic in the variable ¢, then the optimal
quadrature formula can be used for the next weight of the sine for this variable [4]

[sin(@)F (6.¢p)d0 = gcw]F(hﬂ,@. )

Suppose that the integrand in the integral (4) is periodic in the variable ¢ for a given function F(6,
@), then the line generalizing the approximate integral (6) in the variable ¢ (0<p<2m) can be
calculated using the quadrilateral formula. As a result, we will have an optimal cubic formula for
the approximate calculation of integrals of functions defined on a sphere in three-dimensional space
[5,6].

Bibliography

1. [agumeroB X.M. OnTuMmanbHbIE pelIeTYaThIE KBaJIpaTypHblE U KyOaTypHbIe (OPMYIBI B
npoctpancTBax CoboineBa. — TamkenT: @an Ba TexHomorus, 2019.

Hesse K., Sloan I.H. and Womersley R.S. Numerical integration on the sphere. pp.2672-2701.

3. Atkinson K., Han W. Spherical harmonics and approximations on the unit sphere: an
introduction. Springer - Verlag Berlin Heidelberg 2012, 244 p.



Vital Annex: International Journal of Novel Research in Advanced Sciences EmE
(INRAS)

Volume: 02 Issue: 07 | 2023 ISSN: 2751-756X IEI!-r
http://innosci.org

4. Shadimetov Kh.M., Hayotov A.R., Bozarov B.l. Optimal quadrature formulas for oscillatory
integrals in the Sobolev space. Journal of inequalities and applications. Springer. 2022.

5. Hayotov A.R., Bozarov B.I. Optimal quadrature formula with cosine weight function. Problems
of Computational and Applied Mathematics. 2021. VVol. 4, No 34, pp 106-118.

6. Bozarov, B. I. (2019). An optimal quadrature formula with sinx weight function in the Sobolev
space. Uzbekistan academy of sciences vi romanovskiy institute of mathematics, 47.

7. Rashidjon, R., & Sattorov, A. (2021). Optimal Quadrature Formulas with Derivatives in the
Space . Middle European Scientific Bulletin, 18, 233-241.

8. Pacynos, P., CarropoB, A., & Maxkamona, [I. (2022). Berumciennue Ksagpat Hopwmbr
Oyukimonana [lorpommoctu Yiayumennbix Ksaaparypusix ®@opmyin B IMpocrpancrse. Central
Asian journal of Mathematical theory and computer sciences, 3(4), 114-122.

9. Rasulov, R. ., Sattorov, A. ., & Mahkamova, D. T. . (2022). View of the Derivative Quadrature
Formula Norm in Space . Modern Journal of Social Sciences and Humanities, 10,70-75.

10. Ak6apos, . E., Kymmaros, O. D., Ymapos, III. A., & Pacynos, P. I'. (2021). UccnenoBanws
Bonpocos Heobxonumeix Ycnosuit Kpunro Croiikoctu AnroputmoB biounoro udposanus
C CummerpuunbiM Kirouom. Central asian journal of mathematical theory and computer
sciences, 2(11), 71-79.

11. Mahkamova, D. (2022). Fazoda Optimal Kvadratur Formula Xatolik Funksionali Normasi.
Periodica Journal of Modern Philosophy, Social Sciences and Humanities, 13, 199-206.

13 | Page



