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Annotation: In this research, we examine shadow formation of the Kerr—Newman-Kiselev—
Letelier (KNKL) black hole. We investigate these phenomena for different values of the spacetime
parameters, including the quintessence parameter vy, the cloud of string (CS) parameter b, the spin
parameter a, and the charge Q of the black hole. We also examine the emission energy rate from the
KNKL black hole. Lastly, we explore the impact of plasma on photon motion, shadow size, and
shape of the KNKL black hole.
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l. Introduction

To investigate gravity in the strong field regime, black holes can serve as a testing ground. The
behavior of particles near black holes provides valuable insights into the structure of spacetime.
According to General Relativity (GR), the bending of light by a gravitational source leads to the
formation of a black hole shadow. Analyzing the paths of photons, known as null geodesics, in the
spacetime is crucial for studying the black hole shadow. The presence of light rings, which are
circular orbits followed by photons near black holes, results in the appearance of a dark disc in the
sky known as the black hole shadow. The concept of observing the black hole shadow was initially
proposed by Falcke et al. [1]. Two key parameters characterizing astrophysical black holes are their
mass and spin. Mass estimation has been resolved, leading to the classification of black holes into
stellar, intermediate, supermassive, and miniature types [2]. However, determining the spin of
rotating black holes is still an ongoing endeavor, and studying black hole shadows is believed to aid
in this process [3]. Recent developments, such as the observation of gravitational waves from
merging black holes [4], the imaging of the shadow of the central supermassive black hole in the
Messier 87 (M87*) galaxy [5], and the Milky Way galaxy [6], have further intensified interest in
exploring black hole spacetimes.

I1. Null geodesics in the Kerr—Newman-Kiselev—-Letelier black hole
The KNKL black hole metric is given by

. A . I M ;
ds* = —E(df —asin®8dg)° +Edr‘ + Xda-

sin 8 L .
+ 5 (adt — (r=+ a*)ded)- (1)
Where the metric coefficients of (1) are
T=r?+a’cos?8, (2)
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When A=0, the horizon of the black hole spacetime can be determined. By solving A=0
numerically, Fig. 1 illustrates the behavior of the horizon radius for different values of y and b,
while a and Q are fixed for the KNKL black hole. The figure indicates that the horizon radius of the
KNKL black hole increases as y and b values increase, resulting in a smaller horizon radius
compared to the Kerr black hole. For further insights into the horizon structure of the KNKL black
hole, refer to [7]. To determine the shadow shape cast by the KNKL black hole, we examine null
geodesics using the Hamilton-Jacobi formalism in the KNKL black hole spacetime, as described in
[8].
a5 1 a8 as

— = [ —— ) 4
ot 29 axrax )

QM =0.5; yM =0.005 a/M=0.5; h=0.1

251 e -
20} ——— R

1.5¢

T

b=0.0
1.0  ==—== b=0d
mmemeens B2
s b3

051

l:'-':"luunl||||||||||||||||||_
0.0 0.2 0.4 0.6 0.8 1.0

afM om

Fig. 1. The horizons of the KNKL black hole

1
S = E'mgr —Et+L_gp+S.(r)+55(8), (5)

where 11 is the mass of the particle and S, (7 ), Sz(8) are the function of T and & only. The
equations for the motion of a photon in the space-time metric of the KNKL black hole are obtained
by using the method of separation of variables and assuming the mass of the particle (1m, = 0)

R=[(r*+a*)E—al.]*—A[KX+ (L.—aE)?], (6)

O =K +cos?8(a’E*— L% sin"? ). (7)
dt . r? +a’ L
Y—=a(l.—aEsin“8)+—(E(r*+a*)—al.), (8)
dt - A -
s _ R 9
g7 — TV (9)
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By considering the geodesic equation involving the radial coordinate 7, we can derive the boundary
of the shadow cast by the KNKL black hole

dr?
(E E) +Veﬁ =0 (12)

The effective potential in the equatorial plane (6 = /2 ) is

. _A@C+ (L, —aE)) - ((a® +7?)E—al,) (13)
eff P4

Figure 2 illustrates the general behavior of the effective potential with respect to the radial
coordinate (r) for various values of the CS parameter (b) and the quintessence parameter (y), while
keeping the spin and charge of the KNKL black hole constant.
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Fig. 2 Effective potential around KNKL black hole for the massless particle
I11. Rate of emission energy

Due to quantum fluctuations near the horizon of a black hole, particle pairs are created and
annihilated. Positive energy particles can escape through quantum tunneling, causing the black hole
to radiate energy known as Hawking radiation. When the black hole approaches a limiting constant

value Ty, at high energy, the absorption cross section of the black hole undergoes slight

modulation. This leads to the observer at infinity perceiving a variation in the high energy
absorption cross section due to the shadow cast by the black hole. The limiting constant value

T1im , Which is connected to the radius of the photon sphere, can be obtained as [9,10].
Olim ™~ JTRE“ (14)

The emission rate varies with the frequency ®, and increasing the parameters b and y leads to a
higher peak in the emission rate graph, indicating a slower evaporation process for lower energy
emissions.
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Olim ™~ JTRE“ (14)
The rate of the energy emission
d?s 2mloy,

dwdt 2 _4

eT

w?. (15)

The Hawking temperature T=«/2n represents the expression for the surface gravity denoted by «.
By combining Equation (14) with Equation (15), we obtain an alternative form for the emission
energy rate expression.

d*c 2m°R}
dodt

= w?. (16)
eT — 1
Figure 3 illustrates the variation of the energy emission rate concerning the photon frequency o,
considering fixed values of the black hole's spin a and charge Q, along with different values of
parameters b and y. The graph shows that increasing the values of b and y enhances the peak of the

energy emission rate, suggesting a slower evaporation process for the black hole at lower energy
emission rates.

IV. Dinamics of photon in plasma medium

In this scenario, we employ the Hamiltonian to describe the motion of a light ray circling a black
hole that is enveloped by plasma. From this, we derive the equation of motion in the given form:

1, .
H=>[g"pp, + 0,07, (A7)

The electron plasma frequency, denoted as ¢, is defined as part of this formulation.
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Fig. 3 The emission energy

dgre?

w0, ()2 = N, (x), (18)

=

With the electron’s charge (e) and mass ., and the number density of electrons (V) we can
describe the Hamilton-Jacobi equation for photons
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H (.x:,g) =0 (19)

By employing the method of separation of variables, we can express the action in a separable form
S=—wyt +psd+S,.(r) +5,(8), (20)

where the conserved quantities are the particle's angular momentum p,, and energy @g. Recent

studies have shown that the plasma frequency in the rotating black hole can be represented using
certain functions h(r) and g(0) related to the radial and angular components.

h(r) +g(8)
p »
By substituting equations (20) and (21) into equation (19), we obtain the following expression

0, (3)? = @1

L

a?Asin®8 — (r* +a*)? . 4aMrer s s
= wy + ————wyPy + A(S5;)° + (Sg)°
A A '
A—a?sin*d |
pZ +h(r)+g(@ 22

In the KNKL black hole spacetime with a plasma medium, we utilize the Carter constant (K) to
separate the equation into two parts, as described in reference [11]

Py \ -
) +g6) =% (23)

(Sg)* + (aw,:, sin 8 —

i—a(s;.)? (GEXBI —a'p¢)2 R =K (24)

By using equation (22), we can derive the equation of motion in the spacetime of the KNKL black
hole with a plasma medium

L dt o ¢ +a?
PLEZ (p¢ — Ay, sin® 9)—I—T P(r), (25)
_dr —
o° e ++/ R, (26)
,df —
p? =+, 27)
3 d{lf’, pl.’.‘.?' a :
i smzg (@ TRPm (28)

where P(7) is given by
P(r)=(?+a’)w, —ap, (29)

The functions R and ® correspond to the radial and angular equations of motion, respectively.
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R =P —A[Q+(ps—aw,) +h(™],  (30)
0=Q+cos?8(a*w® —p3sin8)—g(6), (31)

Q =1F(—('p¢ —amﬂ) .
Shadow of the Kerr—Newman—Kiselev-Letelier black hole in the presence of plasma

To analyze the shadows of black holes, we examine the boundary of circular light rays using the
conditions R = R" = 0. These conditions yield constants of motion in terms of the radius (r) of
the circular photon orbits [11].

(s - wﬂfé ) (s —aw,)” —h(),  (32)

I
. . A . h(rmN(r
- a all \

(33)

Wy

Then, employing celestial coordinates, we depict the silhouette of the black hole's shadow in the
presence of plasma. The representation takes the following

e
@ = ———— o f () (34)
o o
— | 2
[ f(r 1
AU POy (azwﬂ __Pe )— @,).  (35)
Wo sin< &,

We consider the case of dust at rest at infinity to examine the size and shape as functions of
spacetime parameters for the plasma in our analysis. However, this plasma distribution does not
follow the separable form given by Eq. (21). Hence, following [11], we introduce an additional
angular dependency in the frequency by choosing [11]:

h(r) = w2/ M3, (36)

g(@)=0, (37)
, , VMPr

Wy, = W (38)

“r2 +a?cos? g’

where . is a constant and M represents the black hole's mass. By combining Egs. (34)-(37) in the

equatorial plane, we obtain the shadow cast by the KNKL black hole. The plots in Figure 4
illustrate the black hole's shadow for various values of spacetime and plasma parameters.
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Fig. 4. The black hole shadow in plasma
V. Conclusion and discussions

Our findings indicate that increasing values of y and b lead to larger shadows and stronger
gravitational fields of the KNKL black hole. Conversely, an increase in the black hole's charge Q
results in a smaller shadow. Additionally, higher values of the spin parameter a cause more
significant distortion in the black hole's shadow. When keeping the spacetime parameters constant,
we find that a stronger plasma medium leads to a smaller shadow and a decreased intensity of the
KNKL black hole's gravitational field in the presence of plasma.
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