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Abstract

In this paper presents the g reliability mathematical formula of (N+1) Exponential Cascade model
. The reliability of the model is expressed by Exponential random variables,which are stress and
strength distributions. The reliability model was estimated by seven dissimilar methods ( ML , Mo
, LS, WLS , Rg ,Prand Pi ) and simulation was performed using MATLAB 2012 program to
compare the results of the reliability model estimates using the MSE criterion , the results
indicated that the best estimator among the six estimators was ML , MO and Pi.

Keywords: Standby redundancy, Parameter, Exponential distribution, Unit, distributed
identically.

1. Introduction:

Many researches have been performed on reliability estimation B = p(X = ¥ in the field of
strength and stress models . The Cascade is a special kind of stress-strength model . Cascade
redundancy is a hierarchical standby redundancy in which a standby unit with different stress
substitutes for a system . When a system unit fails , it is replaced by a standby unit and the stress
changed k Times the previous stress [10] .

In a previous study Karam and Khaleel (2019) presented a study of (2+1) Cascade model, which
the model consists of two main components and one redundancy standby . In this paper , we
assumed that the (3+1) of Cascade with (U, U, ,U; and U, ) Units ,in which three units
U, U, ,U; and U, are work and the unit U, is a standby unit. Assume that X, ,x, ,X; , X, denote
the unit strengths ( U, U, ,U; and U, jrespectively and ¥, ,¥, ,¥; , ¥, indicated the enforcement
of stress . Here , if the active unit U, is a failure then the standby component U, is activated ,
where X, = mX, and ¥, = k¥,, if the active unit U, is a failure then the standby component U, is
activated , where X, = m¥, and ¥, = k¥, and if the active unit R, is a failure then the standby
component R, is activated , where X, = m¥X, and ¥, = k¥; Where " k" and " m " denote the
stress and strength attenuation factors respectively , such that 0 <= < 1 and k =1 Reddy
(2016) [18] presents of B = p(X = ¥) by discussing model stress — strength of a cascade |,
assuming all the parameters are independent and following Weibull stress-strength distribution in
one parameter and calculating first four cascade reliability for different stress-strength values.
Mutkekar and Munoli (2016)[15] , (1+1) exponential distribution cascade model is derived with
the common effect of the force and stress reduction factors . Kumar and Vaish (2017) [13] ,
discussed that Gompertz distribution is stress and that strength is power distribution parameters .
Karam and Khaleel (2018) [10] derived a special (2+1) stress-strength reliability cascade model
for the distribution of Weibull . Khaleel and Karam (2019) [12] discussed the reliability of the
(2+1) cascade inverse distribution Weibull model , reliability can be found when reverse Weibull
random variables with unknown parameters scale and known shape parameter are distributed with
strength-stress and used six different estimations mothed to estimate reliability . Karam and
Khaleel (2019) [9] , expression for model confidence is found when strength and stress
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distribution are generalized in reversed Rayleigh random variable Rayleigh , derived from
mathematical formulas for Reliability to Special (2+1) . Khaleel (2021)[11] , (3+1) exponential
distribution cascade model is derived with the common effect of the force and stress reduction
factors.

2. The mathematical formula:

Suppose, for the four units ( three basic and one redundant standby ), the random strength-stress
variables of the four units j = 1,2,3,4 each independently and identically distributed Exponential
of the parameter scale 5, , i =1,2,3,4 and scale y; ,  =1,2,3,4

2.1 . Exponential Distribution:[11]

The exponential distribution is one of the widely used continuous distributions. It is often used to
model the time elapsed between events.

The PDF of Ex(f) :

1 ==
flx,0) =—ee ,o0=0,x=0
T

Letg =2

= f(x,f) = Be F* x>0, B=0 (1)
The reliability function of Ex(f)

R(x)= e 5% . (2)
hazard function of EP(8, a, 5):

h{x) = - (3)
The Mean of Ex(f) :

E(x) =7 - (4)
The Variance of Ex() :

V) = 5 . (5)
The Cumulative distribution function of Ex (5] is:

Flx)=1—e®* x=0,8=0 .. (6)
The Cumulative distribution function of Ex () is :

Glyv)=1—e™# v=0,u=0 (7
2.2. Reliability Model for Exponential Distribution (Rg, ):

Let X, ~Ex(ff,);i=1234and ¥; xEx[Z;;J,.}_: J = 1,2,3,4 be strength and stress random variables of
the three components ( three components are basic and one is standby )with unknown scale
parameters 5, u; , Where X, and Y¥; are independently and identically distributed Exponential

random variables .
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The reliability function for (N+1) cascade model is :
R=P[X, =Y X, =2V, X; =V, , ... Xy = vy]
P, =V, K, 2V, Xy 2 Ve o Ky = Vyay ]

_P[-X1 =D TP CRN ETP CR= CTRRYS SO Y.‘-.-'—‘l]
_P[X‘l =Nz X <R X =Y, Xy 2 Y.‘-.-'—‘l]
Tt T P['X'.l = Y‘.I.-"X: = Y:_._XE = FE-' "'-"X.'-." = F':

MNF

'X.‘-.-'—‘l = F.‘-.-'—‘l]

R=Ry TRy T Ry+ 7 Ryyy - (8)

P.=P(X, 2Y7)= J [1—EG)IfG)dy, re {123 .., N)

e

-

"= . . e T . -
— J HJ_E—LSr—#r;:ﬁr dy, = J M;i,_e"ﬁ-’“f”‘r dv,
o o _E181 al .I”!':I

e

_j“r J _[181 m _IEIJ':IE_I:S:F_#F}:I} d}r!_
o

B, +u,
__|“_1' —I"'lj' tu v 700 [ _.I“]' ] _|[-If_1.
— e i — |::| J— = v 9
B, +u, [E ]'D (0) B, +pu, B+, %)
P, =P[X, <Y, Xy.y 2 ¥y.]

- J F.(y,) [1— F. (ix” F(v)dy, rE{123,.. N}
. m

= J [:l — g .'3,,";’} [E_B:’E:'-:’J E;ij_e_#r.'rjd}rr
|:.

= J (E_S'\-%}PJ (e #r) — [:E.—.?r-_‘-';-} [E‘ ﬁw;.‘-'rJ [J[J.'_,.E_#":-":l dv
|:.

=\ u,e e LTm v,
|:.
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— ( - .I[I" j ( l e . Jlgl" I:J”" Ll 18"} ) . (2{:')
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1:1[18 T [, \ —1 li‘“-" —%,{9,_) [(l + %\] B, + Ju_,.] ;

LetB, =8,=F and p=p,=p ¥V ije{123,.. N}

L op (M (1— 1-'""'18(#_}5::' j 1)
73 (e +m8)[(1+)8 +4,

b A

.

3.Parameters Estimation of Weibull distribution.
3.1 Maximum Likelihood Estimation Method (ML):

Making the maximum likelihood was one of most important developments in 20" century
statistics . In (1922) Fisher introduced the method of maximum likelihood . He first presented the
numerical procedure in (1912) , but in (1922) the maximum likelihood method gave estimates
satisfying the criteria of efficiency and sufficiency and there were two forms for sometimes Fisher
based the likelihood on the distribution of the entire sample , sometimes on the distribution of a
specific statistic .[3]

Suppose that a random sample X, X, X, ..., X, have Ex(f£) distribution with sample size n ,

where 5 is unknown scale parameter, then the likelihood function "L", the joint probability
function with the general form , can be written as follows :[5]

LRy Xy K B) = F R D BB oo f X B) = | | £
i=1

Then likelihood function using equation (1) will be as :

"

Lttt )= I8

i=1
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L(X, Xy .., X, B) = fre B Iz .. (22)
Then natural logarithm function for equation (22) can be written as ;

InL = In[g"e BT %]

InL =n!n,8—,821':- e (23)
i=1

To minimize , natural logarithm in equation (23) , must compute the great endings by taking
partial derivative with respect to unknown scale parameter (3, then will get as:

!

dinl n
af B

Equating partial derivative to zero , thus the right-hand side of (24) will be :

-(29)

[

%%_Z;{f:a . (25)

i=1
The maximum likelihood estimator for 5 is given by :
T

¥R x,
2oy X

= Bom = - (26)

In the same way above , let ¥,,¥,,¥;, ..., ¥, a random sample have Ex () distribution with the
sample size  , then the maximum likelihood estimator of unknown scale parameter it ; says
Heypyr 18

m

ﬁ(.‘r.rz_'- = Ejé"'q v, .. (27)
Now , suppose that
Xy~Ex(By), Xo~Ex(f,) , X3~Ex(Bs), .., Xy~Ex(By)
are strengths r.v.'s with the samples sizes =, ,n, , n; ... n, respectively , where
(B85 85,....6y) are the unknown scale parameters and  suppose  that
VoW (g ), VoW (ps) |, YovW(ng) ... Vo (p,,) are the stresses r.v.'s with samples sizes
My, M., M, ... M, fespectively , where (py, ., pq, ..., it,;) are unknown scale parameters. By
using the same way , the maximum likelihood estimators (5,.f5,, 25 ....5;) and
(B, fg, gy e, [y ) QFEL

Mg .

}95,:”_;__-. = W L0 = lJEJEJ ...,1"'nr [28)

ig=170

and

fsoop = =, §=1,23,..,N - (29)

G ML) E.‘I:"!:,:-lyé o L sy ,

Substituting (28) and (29) in (21) , the maximum likelihood estimator for reliability R ; E,:m_., ;
invariability will be as :
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R +R (N+1I(ML)

Ex{ ML)
B {zl—[ ..4 A ML) )( Z ’ |’ L) |:-'-4 (M) T é,-.:;,_r_r__‘-) )

J o ML) + IJJ'?;-{,u_r,r__'- + i ,-|:,1,_r,r__'-] J

= )
I
m
,':t
'.:':l

Fli.‘e.rx_'- ) ( 1+ ( N ,8.;,1,“_-. [ﬁ(.‘f.rx' _1'9' r}

O S \Fi':.‘r!.’._"_EJSI:.‘J.’__"J[[l_ﬁ\] By rL_'-_FE.‘r.rL_'-]:

3.2 Moments Estimation Method (Mo):

Karl Pearson in (1894) introduced a formal approach to the statistical estimation through his
method of moments (Mo) estimation . He quite unceremoniously suggested a method that simply
equal the first five sample moments to the respective population counterparts . It was not simple to
solve five highly the nonlinear equations . Therefore , he took an analytical approach of removing
one parameter in all step . After considerable algebra Pearson found a ninth degree polynomial
equation in unknown one . Then after solving the equation and by reiterated back substitutions ,
Pearson found the solutions to five parameters in the terms of the five first sample moments , and
was beginning of the moments method (Mo) estimation [4] . To derive method of the moments
estimator parameters of ED , assume that x,,i=1,2,3,..,n random sample have Ex(f)

distribution with the sample size n , first step the mean population of Ex(5) , obtain by equation

(4):[8]

1
E(X)= 3

The second step equating mean sample with corresponding the mean population , then will get as :

IR =£ o (31)

n 14

Then the moment estimator of £ says B',:,,_,D_-, is:

1

Bisoy = 7 . (32)
In the same manner , the moments estimator of unknown scale parameter i ; says ;. ; IS :

1
Buoy = 7 .(33)

Now , by using the same technique , the moments estimators of the unknown scale parameters

(181.!1821 JSEJ "'.IJS.'-;' ) and (J[i‘.lJ Has fgs s My ) are:
b =%+ 5 =123,. (39

o

And

fgpoy == » 0=123,..,N ..(35)

&
Substitution ( 34 ) and (35) in ( 21 ) , the moments estimator for reliability R ; says EEA.,:.,r_,D_., ;
approximately will be as:
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R ExiMs) — R 1 Me) T R 2(Me) T Es( Mol +R (N+1)(Me)

_ [zl;[ _ "*‘! J'l:.‘r.h.:i_" )( 1+ Z 11-'§.1":.‘f!|:~_" [.{1.1":.1-'_’0_" +1J'§.1'I:.‘.-!D_"J
, .IIE."I: Mo) + L riMo) = ( il | -

LR
r=1| Myl pre) + Eﬁ;-(,‘,_rp_'-f [(l + EJ .ll?.‘":-1-'.rl?_" + U .1":.‘r.’|:~."] K

)

= ( — 1[}':-'-'-’0." ) ( 1+ ( "'"‘rJSI:.‘r!D."[.J[}':.‘r.fo_" _18':}!0."} j [36:]

~ T T
V- . k = ks .
\JBI""!D' Fino .I“l:.‘r_fo_" i EJS(.‘JD_":] |:( 1+ E] Jlgl:.‘r_rD_" o .I“I:,‘r_rl:‘_.']__.l

. o,

.

3.3 Least Squares Estimation Method (LS):

The German mathematician Carl Friedrich Gauss had inspected the least squares as early in (1794)
, he did not publish the method until (1809) . This estimation method is very popular for the model
fitting , especially in linear and non-linear regression . The method of least square estimator scan
is produced by the minimizing sum of squares error between value and its expected value . [2] The
least squares method is a combination of the parametric (F) and the non-parametric ( F )
Distribution functions . The minimizing following equation : [6]

n

s=> (Fx-F(x)) ~(37)

. Fy

i=1
Suppose that ¥, X, X, .., X, be arandom sample have Ex(3) distribution with the sample size
7. The procedure attempts to minimize the following & will get as :

"

S(B) = ) (F&) - (1—e )’ . (38)

i=1
To obtain the formula of F(X.) ; use the equation (6 ) :
F(x)=1—eFfx
—In(1—F(x.)) = Bx, ..(39)

On the other hand , since F(x,) is unknown , it better to use F () as follows F (X ) = P, and
P. is the plotting position Where

Po=is =12 - (40)

Here X, is the i: th order statistics of the random sample of the size n from ED. Hence for the ED
, to obtain the LS estimates / of the parameter £ can be define following the function from

equation (38) :
S(B) = Z(q: — BXy)* o (41)

Where g, = —In [l - F [X’,}] = —=In(1l-7p,)

By taking the derivative equation (41) with respect to the parameter & and equating result to the
zero :
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85(f) ~
( j= 2(q: — BXe ) (= %)
B =
= —Zf?:-j‘?l::'_'-_ﬁz-j{ij-: 0 - (42)
i=1 i=1

Then the least squares estimator of 5 ; says ,{?',:L 5, Will get as:

] & J{, .

= —ii =] ':]r

18.:.[5_'- = . (43)
J—l —-1 X‘

In the same way, the least squares estimator of unknown parameter i; says fi;; ;,; is:

B ¥
- 4—||_‘_|_ "-T [ Jl
.I“l:.r_j_'- = Tm Y 2 E‘]."].'j

.l-l._'_l hll.u

Where G (v ;) = L. j=12 ..,mand

m+1l

a;=~In(1-6(¥,))=-In(1-P)

Now , by using the same way , the last squares estimator of the unknown scale parameters
E181u'9:: B3, ---:18:..-') and (.IH‘_I_J.IH:J.IHEJ ---sﬁ:..-'j are.

Bsi ET55=1 9 Xs 5=1273 N (45)
and
fzrre = EJ':;;i 97 1",:,__;-5_, =123 ..N . (46)
6iLE) EJ:’i_:_;:-l FG- :FI: ; Iy

4o LIg

Substitution (45) and (46) in (21) , the last squares estimator for reliability R, says EEA'(.’.S_’- ;
approximately will be as:

REA'(.’.S_’- = R1(L5_‘- + Rypey T Rz(u_‘- Tt T R':.‘-.-'—‘l."(.’_s_'-

_.

:[ e )(l+ Brirs iy _|»,5.+{-_5’;,_,:LF5...] )
Vr=1 Bras) + Bras) T 1(*‘ (L8) + G (Ls) 1[( {Tlmr-'iu:-+ﬁ.1-nii5."] /

ﬁnﬁ&s,‘- ):\: ( 14 N JSI LS) ﬁn L5) . L5) } j . (47)
| :

[-Jg-ias_'- T Hies ad

ﬁ(&s,‘- - EJS':I_E_ ] [(l T EJ JSL.’.S_ ﬁi&s,‘-]:
3.4 Weighted Least Squares Estimation Method (WLYS):

The method weighted least squares extend the method least squares procedure to case where the
sample data have different variance . By other words , some the samples have more error or less
influence than others . This method reflects the behavior of random errors in the model and it can
be used with the functions that are either linear or nonlinear in parameters . It works by
incorporating extra nonnegative weights or constants associated with all data point into the fitting
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criterion . The size of weight shows the precision of the information contained in associated
observation [14]. The method of weighted last squares can be used in minimizing the following
equation :[1]

@ =ZI‘1“::(:F(-X;')_F(X:)}_ - (48)
i=1
L1 (mDRmin) ]
Where W, = Var[FlX )] ifm—i+1) 1.2, . m - (49)

Let a random sample (X,,X,, X,, ..., X, ) size n take from have Ex () distribution . The procedure
attempts to minimize the following function with respect to & will get as :

QB) = ) WF(x) — (1 - ™)’ - (50)

As steps in equations (39) and (41) will get as :

n

Q(B) = ZW: (a; _1'91"1:_'-}: - (51)

i=1

By taking partial derivative to the equation (51) with respect to £ , and equating result to the zero
we obtain :

n

- =X, Wq X+ FEL, WXE =0 . (52)

The weighted least square estimator of 5 ; says ,{?',:,.,,L o

_ X, Wiq: Xy ”
J'QI:’.’.-'T-5." o W ( )

si=1

In the same technique , the weighted least squares estimator of unknown scale parameter  ; says
A(WLS) ;is:

_Im, Wy

'IH (WLS5) B '[I_nl__r: KE.I ve (5 ‘1‘)

ETES|

i . _ 1 =(’m—l):(’m—2)
Where W; T:’m*[{? [KJ}] M=~ D)

.l_jll = 1121 AL

Now , by using the same way , the weighted least squares estimators of the unknown scale
parameters (8,55, B3, ... By ) and (g, s, fhg, .., fiy) are:

g o= WXy 1,2,3, .., N (55)
FIWLSY — ne A PO = L2, 3,1
swis) = T3 2

and
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- E':_f:i Irr.jq._.?':: (ig) m 23 N (56)
J:-l"”"r y = :- 2 — .ICI = l_. pdy e d v
Haiwes) E.;-:J:-l W, ?ﬁ_ﬁ,

Substitution (55) and (56) in (21) , the weighted least squares estimator for reliability R, ; says

Rz.owes)  approximately will be as:
Reetwes) = Ryjwis _R:{'.fas _Rsi Ls) T RI:.‘-.-'—‘L'-I: LS,
= | H Hriwies) 'I .1 _Z Brtves riws + Brins)) )
\ = Briwes) + Hriwes I'-._ r=:'L_i5y_:-"5 _i-‘ WLs x:ll':;l +—|8 wisl T H ""5]
_ [..-' _ﬁl i ) i ( l L -"""’Jlg.:rg,'.’.i" [..l[}':r.".- Ly }9, Lg } )
. ".,f,,., i . k = k
Buwes) + Awes (ﬁ‘n LS _EBEWU \][[l_ﬁjﬁu 1s) T HiwLs ]
e (57)

3.5 Regression Estimation Method (Rg):

Regression is one of the important procedures that uses supplementary information to construct
estimators with a good efficiency . Regression is conceptually the simple method for examining
functional relations among variables . The relations is expressed in form of an equation or the
model connecting the response variable "Y"™ and one "X" or more expository variables . The
simple true relations can be approximated by the standard regression equation :[16]

z; =a+ by, +e, ..(58)

Where (z,) is the dependent variable , (u,) is the independent variable and (e.) is error random
variable independent.

Assume that X, X, ...., X, random samples have Ex () with the sample size n .
Taking the natural logarithm to CDF [17] , obtain by equation (6):

F(x)=1-—eFx

(1— F(x))™t = P

Lu[(1—F(x))™] = BX,

Estimating F(X ;) by P, in equation (40)

La[(1—P)™] = BX, (59
Comparing the equation (59) with equation (58),we get :

z; =Ln[(1—-P) ,a=0,b=6u, =Xy,

Where ;i =1,2,....7n ..(60)

Where & can be estimated by the minimizing summation of the squared error with respect to b
,then we get :

Lo onetzu— 2tz ¥R u.
5= i=1 Z;U; 1 U;

=] S A=

nXis, (u)® — (2, u)?

.. (61)
By substation (60) in (61) , the estimator for {5 ; says B',:Rg_-. ) IS:

108 | Page



o0
Pioneer: Journal of Advanced Research and Scientific Progress (JARSP) -
Volume: 02 Issue: 02 | 2023  ISSN: 2751-7551

http://innosci.org Ebr
s nXE X In[(1-P)T - X Xy X Ln[(1-P)7TY
Bizg) = - : . (62)
nZ; —1[ ] [—-'—1 ]
In the same way , the regression estimator of unknown scale parameter i ; says i ,+; Is:

m'*?‘“iv-?n[['l—P,.}'i]—T‘“ Y5 T'"iLn[l—F} ]

Hizg) = o ﬂ o
m IV )~ (S v )

As in equation (60) where z; = In [(:1 — PJ,.}_i]

i j=12,...m,a=0,b=20, U; 1.'«},--,“

Now , by using the same way above , the regression estimators of the unknown scale parameters
(B Ba Bar o By ) and (peq, pts, ptg, ---u”.\-:' are :

Mg 2?55:1 Xz, In [[l - P:S}_i] - E?;:ix.:::-i_,. E:f:i Ln [[l - Pss}_i]
JBE(R;_’- = 2 e 2
ﬂ'l.‘p- z hl—-]_ ['Xc- i :| - [E:'.:I:j_ XC- :-__-:|
,6=123,..,N . (64)
and
mg - -1 mg mg . - -1
Hg Rg - M =
me e [vs, | = [Z72, v, ]

5 =1,23,..,N .. (65)
Substitution (64) and (65) in (21) , the regression estimator for reliability B... ; says EEA.,:RQ_., ;
approximately will be as :

Rerirg) = Rurg) T Rarrg) T Ratrg) T+ Riwsniag)
_[ Herirg) )(l_l_z |QELJ|QE+'E|QEJ )
Fc ko
\ =1 G "?g + "’! 'I?,? . (,_,E I'?g + — 1 '? ||{2 I||:[l + E,-:I‘IG".I:R‘;:I +_H3-|:R§_":| J
- il .11,-' ¢ -I""r ...I__ i -}r L+ .-.If .I
(18 A LEg) ) (l— : 1'9‘5‘3. [.1[ LRg) 11833.} ) ...[66]
Ly Y " K& H "
Eg) Ta R | [ﬁiliﬁg." B EJG':R;.":] [[l B EJ JGER;." B J“ER,;."]:

3.6 Percentile Estimation Method ( Pr):

The method was originally discovered by Kao ( 1958 — 1959 ) . In case of Exponential distribution
, let a random sample X, ;i = 1,2,3, ..., n with size n have Ex( ), it is possible to use this method
to obtain the estimator unknown scale parameter & , which is obtain from the CDF , defined in
equation (6):[7]

F(X)=1-—eFx
In[:l — F[X:-]} = —fix
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—In(1— F(X.))
X = - (87
i 5 (67)
If P, ;i = 1,2,...,n put the plotting position instead of F(X;5) . Can be obtained by minimizing
N —In(1 - p)\T’
2, [x0~(=57) ~(69)

By taking partial derivative to the (68) with respect to [# , and equating the result to zero we
obtain:

n

> 2[(x0) - (B (=@ = p )| () (min(2 - p)) = 0

i=1

= ) ()i —p)) = () (1 —p))* = 0

. i?{ In(1—p)+ ()" i[ln(l -pJ)]?=0

The percentile estimator of 3 ; says /& becomes :

— X [In(1— Tﬂfj]:
L Xpn(l—p)

Bor = .. (69)

In the name way above , the percentile estimator of the unknoun parametor 5 ; says i ; is:

fon = —Z7Ly[In(1 —p)]
(p#) E;:".zi F.:_I.-.'- In ( 1 — TG_,-')

..(70)

Now , by using the same manner , the percentile estimators of the unknown scale parametor

(B By By oo By) and (B, 5o, By, ... fy) are:

2

- T [ ta-py)]
Bator) = 775,
“ip=1t

-~ 5=123,..N . (71)
-1"_[{;_--"!"“1_?’[5-'

And

-X7 [in(1-p;)]
= ,8=1,23,.,N - (72)
E_In'szj_(}'::_,l's_":lgﬂ(l - -IEI_,I'E;I

-

Haipr)

Substituting (71) and (72) in (21) , the percentile estimator for reliability & ; ﬁ,:_m._-, ; invariability
will be as:
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= f l[}':FJ',l )-"-'- ( 1+ ;:"rll?.':!:."_" Hipr) _M (B } j [?3)
Beer) F ey \ l:ﬁ-:ps-_'- T EJSEFJ'_'-:] [(l +—) B, ﬁ(m-_‘-]:

T

3.7 Pitman Method:

Let X, X,, ..., X, bearandom sample of n observations from a population whose p.d.f is f(x, 5) ;
where £ = Qs a scale parameter and x, = 0 . if 8 = g(X,, X, ...X_) is the estimator of the scale
parameter £ then £ should be as follows :[19]

flx,B) = pe™#*
L(Xy, Ky s X, B) = FIXLBIF (X0 B) o f(X 0 B)

= [reem - (74)
i=1
o) = e
i=1
L(X,, Xy, .., X, 3) = pre f Lz . (75)

I }gnLtrprw--J.rwmdﬁ

k7
f.: B = e P I dp
o ge e T ap

g = .. (76)

——y L(XHJXHJ” PXnJﬁj{ﬁg

[ pre g
- Jrc;C gr-3g=F Lo ag

letu=fY%,x, - du=3X%,x.df ,df =—— and f==

¥
Fi

[‘-”]

:_Ii _:_If
j.at:[ [ )."!—: Eu_-- .:‘I“:,
— ,l?"=|: Lisy X _ P
Jr.c[ u )H_a o du
g E:'l:'- Ezil
I:... _11 :I'n—‘_[ f il
G x)2 _11 Y2 f (e M du
B [.z 1 )_JFI:: I -1 1.|_:l u {'f"l.l:- . ( 1 )r(ﬂ_ l)
xz?=11:' J::LL"_ “le~u du E"=1_1 rin—2)
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=( 1 )(n—zj!_( 1 )(n—gj(n_gjg_ﬂ_z

Zrix /(-3 \Zi,x) (-3 X,z
The Pitman estimator of 2 ; says /# becomes :
n— 2
B = (77
=g
In the name way above , the Pitman estimator of the unknown parametor £ ; says j ; is:
m — 2
fi= >y ..(78)

Now , by using the same manner , the Pitman estimators of the unknown scale parametor

(81,82 B, ... By) and [}911 ,L.?..:, }53.3, . JGH} are :

e — 2
JSG-':_‘J:'_" = Fﬂ"c:;— L '5 = 1.12.13.1 sy N ve (?gj
Siz=1 1:'5
And
My — 2
fspo =5z —— 6= 123N ...(80)
2521,

be as:

Hips)

=— "'l_ 1
[_\,8,:!;:._-, —1“(1::'_'-) ( (ﬁ'iFff' _%B}:F:’_‘J [(l —i] Bipo + ﬁ(z::'_'-],)

\ m

.. (81)

4. The experimental study:

We simulate the outputs of all three estimating methods by using MSE . Study of simulation is
replicated several times (500) so that the samples of three sizes ( small , moderate and large ) are
independently collected.

4.1 Algorithm of Simulation:

The simulation algorithms are written for estimating & using MATLAB program , according to
the following steps:

1- The random sample (x5, %42 s %4, ) s (%20, %000 0000 2, ),
[:.').'31_: 1'3:.1 vy ::'-.3_1.E }_. ﬂﬂd |::_1|-'11_| _1|'r-1:.l v J_‘rr-_l.__.___}.l

[,.‘*':11."'::: oo Vo, }: [,.‘*'31 s N3z s Vg :zz}

of sizes (ry, v, 7y, vy, v, v5) = (15,15,15,15,15,15)
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,(45,45,45,45,45,45) and (9595,95,95,95,95)

are generated from Exponentiol distribution.

2- Selected the values of parameters for 7 experiments (3,, 55, 85, ... Baps . ia, fg, v, ) N
the table (1) :

Table (1) : Values of parameters and Reliability , v = 10 .

Experiment |k |m | |u |R

1 2 105]0.2]|15]0.4552
2 2 105/0.3]15]0.2692
3 2 105]0.1]15]0.7453
4 2 105/02]2 |0.5875
5 2 105/02]1 |0.2692
6 25]105]0.2]15]0.4301
7 15/05[0.2]15|0.4874

3-Parameters 5., 5., B3 o v, By iy, o, g, .o, i1, Were estimated ( ML,Mo, LS , WLS , Rg and Pr)
in equations: (28),(29),(34),(35),(45),(46),(55),(56),(64),(65),(71),(72) , (79) and (80) respectively.

4- R was estimated in equations: (30),(36),(47),(57),(66) ,(73) and (81) .

vL R
5- Calculate the mean by Mean = == Ry

T

6- The last stage is to use the " Mean square Error " to assess the results of the seven estimation
methods:

MSE(R) = %Z(E: —R)

i=1
Simulation Results:

After applying the previous steps of R for sample size
(75, 75, oo, Tops ¥y, Vg, ¥y, vy Uy )2 (15,15,15,...,15,15,15,15, ..., 15),

(95,95,95,...,95,95,95,95, ...,.95) and (45,45,45, .., 45454545, . 45)
Table (2) : Values Mean and MSE for 7 experiments, N = 10 .

Ex | Simple size Criteri | ML | MO |LS WLS | Rg Pr Pi Be

p on st
(10,10,10,...,10,10,10,1 | Mean |0.45 |0.45 [0.45 |0.45 |0.44 |0.45 |0.45
0,...,10) 51 51 26 22 96 28 51

MSE |0.03 [ 0.03 |0.03 |0.04 |0.04 |0.03 |0.03
56 56 84 15 93 72 56

(50,50,50,...,50,50,50,5 | Mean |0.45 |0.45 |0.45 |0.46 |0.46 |0.45 |0.45
! 0,...,50) 85 85 94 16 03 95 85
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MSE |0.00 |0.00 {0.01 |{0.01 [0.01 [0.00 |0.00 M
83 83 02 70 53 93 83 L,
M
O,
Pi
(90,90,90,...,90,90,90,9 | Mean | 0.45 |0.45 |0.45 | 045 (045 |0.45 |0.45
0,...,90) 67 67 57 28 45 60 67
MSE |0.00 |0.00 |0.00 |0.01 |0.00 |[0.00 [0.00 |M
45 45 57 20 89 53 45 L,
M
O,
Pi
(10,10,10,...,10,10,10,1 | Mean | 0.29 |0.29 |0.29 |0.30 |0.31 |0.29 | 0.29
0,...,10) 04 04 71 07 12 o1 04
MSE |0.02 |0.02 |0.03 |0.03 |0.04 [0.02 002 M
66 66 08 47 31 91 66 L,
M
O,
Pi
(50,50,50,...,50,50,50,5 | Mean | 0.27 |0.27 |0.26 |0.27 |0.26 |0.26 | 0.27
2 0,...,50) 06 06 89 05 98 92 06
MSE |0.00 |0.00 |0.00 |0.01 [0.01 |[0.00 [0.00 |M
66 66 77 27 15 70 66 L,
M
o,
Pi
(90,90,90,...,90,90,90,9 | Mean | 0.26 | 0.26 |0.26 | 0.27 | 0.26 | 0.26 | 0.26
0,...,90) 86 86 81 09 90 80 86
MSE |0.00 |0.00 |0.00 |0.00 [0.00 |[0.00 [0.00 |M
36 36 47 98 76 44 36 L,
M
Ol
Pi
(10,10,10,...,10,10,10,1 | Mean |0.71 |0.71 |0.71 | 0.71 |0.70 |0.71 | 0.71
0,...,10) 75 75 59 36 54 62 75
MSE |0.02 |0.02 |0.03 |0.03 [0.04 [0.02 002 M
64 64 05 37 24 95 64 L,
M
O,
Pi
(50,50,50,...,50,50,50,5 | Mean | 0.74 |0.74 |0.73 | 0.73 [0.73 |0.73 | 0.74
3 10,...,50) 07 |07 |92 |50 |52 |91 |07
MSE |0.00 |0.00 |0.00 [{0.00 |0.00 |0.00 |0.00
42 42 o1 88 79 48 42 L,
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M
O,
Pi
(90,90,90,...,90,90,90.9 | Mean | 0.74 | 0.74 | 0.74 |0.73 | 0.73 | 0.74 | 0.74
0,...,90) 17 |17 |02 |50 |72 |07 |17
MSE |0.00 |0.00 |0.00 | 0.00 |0.00 |0.00 |0.00 | M
24 |24 |30 |63 |48 |28 |24 |L,
M
o,
Pi
(10,10,10,...,10,10,10,1 | Mean | 0.57 | 0.57 | 057 | 057 | 057 | 057 | 057
0,...,10) 91 |91 |93 |74 |47 |88 |o1
MSE |0.03 |0.03 |0.03 |0.03 |0.04 |0.03 |003 | M
11 |11 |41 |74 |64 |32 |11 |L,
M
O,
Pi
(50,50,50,...,50,50,50,5 | Mean | 0.58 | 0.58 | 0.58 |0.57 | 0.57 | 0.58 |0.58
4 10,...,50) 10 |10 |10 |95 |99 |14 |10
MSE |0.00 |0.00 |0.00 |0.01 |0.01 |0.00 |0.00 | M
71 |71 |94 |61 |46 |84 |71 |L,
M
O,
Pi
(90,90,90,...,90,90,90.9 | Mean | 0.58 | 0.58 | 0.58 |0.57 | 0.58 | 0.58 | 0.58
0,...,90) 47 |47 |40 |92 |20 |40 |47
MSE |0.00 |0.00 |0.00 |0.01 |0.00 |0.00 |0.00 | M
40 |40 |51 |03 |78 |48 |40 |L,
M
Ol
Pi
(10,10,10,...,10,10,10,1 | Mean |0.29 | 0.29 |0.29 |0.29 | 0.30 | 0.29 | 0.29
0,...,10) 11 |11 |59 |96 |66 |46 |11
MSE |0.02 |0.02 |0.03 |0.03 |0.04 |0.03 |0.02 | M
9% |9 |35 |75 |59 |22 |9 |L,
M
O,
Pi
(50,50,50,...,50,50,50,5 | Mean | 0.27 | 0.27 |0.27 |0.27 | 0.27 |0.27 |0.27
S o,..,50) 66 |66 |40 |52 |36 |40 |66
MSE |0.00 |0.00 |0.00 |0.01 |0.01 |0.00 |0.00 | M
64 |64 |77 |25 |15 |72 |64 |L,
M
Ol

115 | Page




Pioneer: Journal of Advanced Research and Scientific Progress (JARSP)
ISSN: 2751-7551

Volume: 02 Issue: 02 | 2023

http://innosci.org Eh‘
Pi
(90,90,90,...,90,90,90,9 | Mean | 0.27 |0.27 |0.27 |0.28 |0.27 |0.27 | 0.27
0,...,90) 10 10 38 05 77 28 10
MSE |0.00 |0.00 [0.00 |0.01 |[0.00 [0.00 |0.00 M
38 38 51 09 81 47 38 L,
M
o,
Pi
(10,10,10,...,10,10,10,1 | Mean | 0.43 |0.43 |0.42 |042 |0.43 |0.43 |0.43
0,...,10) 08 08 92 87 14 01 08
MSE |0.03 |0.03 |0.03 |0.04 [0.04 [0.03 |0.03 M
45 45 78 08 94 68 45 L,
M
O,
Pi
(50,50,50,...,50,50,50,5 | Mean | 0.43 |0.43 |0.43 |043 |0.43 |0.43 |043
6 0,...,50) 14 14 23 38 34 25 14
MSE |0.00 |0.00 {0.01 |0.01 [0.01 [0.00 |0.00 M
88 88 03 68 52 96 88 L,
M
o,
Pi
(90,90,90,...,90,90,90,9 | Mean | 0.43 |0.43 |0.43 |043 |0.43 |0.43 |043
0,...,90) 33 33 46 51 58 42 33
MSE |0.00 |0.00 [0.00 |0.01 |[0.01 [0.00 |0.00 M
50 50 66 28 00 62 50 L,
M
o,
Pi
(10,10,10,...,10,10,10,1 | Mean | 0.49 |0.49 |0.49 |049 |0.49 |0.49 |0.49
0,...,10) 38 38 76 84 98 68 38
MSE |0.03 |0.03 |0.03 |0.04 |0.05 [0.03 |0.03 M
63 63 90 19 01 76 63 L,
M
O,
Pi
(50,50,50,...,50,50,50,5 | Mean |0.48 |0.48 |0.48 |0.48 |0.48 |0.48 | 0.48
7 0,...,50) 65 65 56 63 40 53 65
MSE |0.00 |0.00 {0.01 |{0.01 {[0.01 [0.01 |0.00 M
90 90 15 88 73 06 90 L,
M
Ol
Pi
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(90,90,90,...,90,90,90,9 | Mean | 0.48 |0.48 |0.48 |0.48 |0.48 |0.48 |0.48
0,...,90) 45 45 41 39 40 50 45

MSE |0.00 | 0.00 |0.00 |0.01 |0.00 |0.00 |0.00
49 49 62 28 98 57 49

rTOoZIrL

Conclusions :
This conclusions according to the simulation study results :
1. We concluded from the table (1) .

I- With increasing value of parameter (5 , reliability is decreasing.

I1- With decreasing value of parameter /5, reliability is increasing.

[11- With the increasing value of parameter  , reliability is increasing.
IV- With the decreasing value of parameter i, reliability is decreasing.

V- With the increasing value of% , reliability is decreasing.
VI- With the decreasing value of‘% , reliability is increasing.

2. We concluded from the table (2) the best estimator for & is ML , MO and Pi for 7 experiments
and different sample sizes.
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